Computational fluid dynamics (CFD) with the Lagrangian method has been widely used in predicting transient particle transport in indoor environments. The Lagrangian method calculates the trajectories of individual particles on the basis of Newton's law. Statistically speaking, a large number of particles are needed in the calculations in order to ensure accuracy. Traditionally, modelers have conducted an independence test in order to find a reasonable value for this particle number. However, the unguided process of an independence test can be highly time-consuming when no simple method is available for estimating the necessary particle number. Therefore, this investigation developed a method for estimating the necessary particle number in the Lagrangian method. Furthermore, the computing cost of the Lagrangian method is positively associated with the particle number. If this number is too large, the computing cost may not be affordable. Thus, this study proposed the superimposition and time-averaging methods to reduce the necessary particle number. This investigation designed multiple cases to verify the proposed methods. The verification results show that the estimation method can provide the necessary particle number with a reasonable magnitude. Moreover, the superimposition method can reduce the necessary particle number when the particle source duration is relatively long. On the other hand, the time-averaging method can reduce the necessary particle number by up to 30 times. When compared with experimental data, predictions of transient particle transport in indoor environments by the combined Lagrangian, superimposition, and time-averaging method with the estimated particle number are reasonably accurate.
Introduction
Epidemiologic evidence has shown an association between exposure to airborne particles and adverse health effects, including lung cancer (Pope et al., 2002) , asthma (Yu et al., 2000) , cardiac arrhythmia (Petters et al., 2000) , airborne infectious diseases (Li et al., 2007) , and short-term mortality . Indoor exposure to particles is especially important, because people spend most of their time indoors (Klepeis et al., 2001) . The sources of indoor particles include ambient particles (Chen and Zhao, 2011) , cigarette smoking (Spengler et al., 1981) , cooking (Ozkaynak et al., 1996) , human body emission (You et al., 2013) , human exhalation (Nicas et al., 2005) , and ozone reactions (Weschler, 2006) . Many studies assume that particle concentrations are uniform indoors, which may lead to significant errors in personal exposure assessments (Li et al., 2005) . Therefore, it is essential to correctly predict the particle concentration distribution in indoor environments.
Computational fluid dynamics (CFD) with the Lagrangian method has been widely used in predicting particle concentration distributions in indoor environments. For example, Chao and Wan (2006) and Gao and Niu (2007) investigated particle dispersion in indoor environments with different ventilation modes using a Lagrangian model. Wan et al. (2007) , Chao et al. (2008) , and Qian and Li (2010) applied a similar method to calculate the transport of respiratory droplets in hospital wards. Zhang et al. (2008) , Liu et al. (2009) , and Sadrizadeh et al. (2014) studied the particle transport in operating rooms using a Lagrangian method. Wan et al. (2009) , Gupta et al. (2011a) , and Zhang and Li (2012) studied the dispersion of exhaled droplets in aircraft and high-speed rail cabins with a Lagrangian method. These studies have demonstrated that the Lagrangian method can provide useful information about particle transport indoors. However, the Lagrangian method is considerably time-consuming, especially for transient particle transport calculations (Wang et al., 2012) . For instance, four weeks were required to run a four-minute real-time simulation of particle transport in a seven-row aircraft cabin on an eight-parallel-processor computer cluster (Gupta et al., 2011a) . Therefore, it is worthwhile to accelerate the Lagrangian method in order to make it a better tool for indoor environmental design. Instead of solving the particle governing equation, as the Eulerian method does, the Lagrangian method calculates the trajectories of individual particles on the basis of Newton's law. The discrete random walk (DRW) model is typically used to calculate the turbulence dispersion. Statistically speaking, a large number of particles are needed in the calculations in order to ensure accuracy. Traditionally, modelers have conducted an independence test in order to find a reasonable value for this particle number (Zhang and Chen, 2006) . However, the unguided process of an independence test can be highly time-consuming when no simple method is available for estimating the necessary particle number. Furthermore, the computing cost of the Lagrangian method is positively associated with the particle number in the calculation. If this number is very large, the computing cost may not be affordable. Therefore, this study aimed to develop a method for estimating and reducing the necessary particle number, in order to accelerate the Lagrangian method for modeling transient particle transport in indoor environments.
Methods 2.1 Airflow and particle model
This investigation used the renormalization group (RNG) k-ε model (Choudhury, 1993) to calculate the airflow and turbulence, as recommended by Zhang et al. (2007) . Standard wall functions (Launder and Spalding, 1974) were adopted to connect the solution variables at the near-wall cells and that on the wall. The airflow field was assumed to be steady-state, which corresponds to the scenario in which the mouth is effectively covered during coughing, as a person would usually do. In such cases, the influence of coughing on the airflow field would be minimal (Chen et al., 2014) . Thus, the assumption of a steady-state airflow field should be valid for most cases.
The Lagrangian method calculates the trajectory of each particle using the momentum equation based on Newton's law: 
where µ α is the air viscosity, d p is the particle diameter, Re is the Reynolds number, and C D is the drag coefficient. The mathematical expression of the drag coefficient can be found in the Fluent manual (ANSYS, 2010).
The Discrete Random Walk (DRW) model is used to calculate the turbulence dispersion:
where u' i is turbulent fluctuating air velocity, ζ i is a standard normal random number, and k is the turbulent kinetic energy. The airflow field and particle trajectories are calculated using the CFD code ANSYS Fluent 12.1 (ANSYS, 2010) . A user-defined function is implemented to convert the Lagrangian trajectory information to the form of particle number concentrations. This user-defined function counts the particle number in each cell, and then divides it by the volume of the cell, to obtain the particle number concentration. 2.2 Estimating the necessary particle number When performing Lagrangian particle tracking, the number of particles injected from the source is one of the inputs. This section proposes a method for estimating the necessary particle number in the Lagrangian method that can provide statistically meaningful results.
For the purpose of estimating the necessary particle number, this study assumed a well-mixed condition in the indoor environments that were studied. The particle mass balance equation is:
where C(t) and C in (t) are the particle number concentration in the room and at the inlet, respectively, t is the time, Q is the airflow rate from the inlet, S(t) is the particle emission rate from an indoor source, and V room is the volume of the room. With a certain boundary condition, Eq. (4) can be easily solved either analytically or numerically.
To demonstrate the method, this study used an example in which particles are emitted from the inlet over a duration of t s . The boundary condition can be expressed as:
where N is the total number of particles emitted from the inlet, and t s is the source duration. The goal of this section is to estimate the lower bound of this N, i.e., the necessary particle number, N nec . Solving Eq. (4) with this boundary condition, the particle number concentration as a function of time is:
The peak particle concentration over time, C(t) max , is:
To obtain statistically meaningful results for particle concentrations in a target zone, the particle number in this zone for Lagrangian tracking should be sufficiently large. Considering a target zone with a volume of V target , the particle number in this target zone is:
The peak particle number over time in this zone, N target (t) max , is:
Assuming that the necessary particle number in the target zone is N target * , then,
so that the particle number in this zone at every time point is statistically sufficient. According to the law of large numbers, the greater the number of particle samples used, the closer the estimate will be to the true value (Durrett, 2010) . Therefore, theoretically, there is no cut-off value for N target * . However, in real-life applications, a sample size of 30 is normally large enough for a statistical analysis (Student, 1908) . This is because the t-distribution becomes a close fit for the normal distribution when the number of samples reaches 30 (Student, 1908) . Thus, N target * can be set at 30.
However, for a transient particle transport case, theoretically, Eq. (10) may not hold at every time point. For instance, N target (t) would approach zero as the time approaches infinity, causing Eq. (10) to become problematic. Therefore, to make the method workable for engineering applications, Eq. (10) is replaced by:
where α is a coefficient ranging from 0% to 100%. According to Eq. (11), if this α is equal to 1%, the results will be statistically meaningful even when the particle concentration has decreased to 1% of the peak value (N target (t) max ). Therefore, the value of α depends on the tolerance of error.
When Eqs. (7), (9), and (11) are solved together, the following equation is obtained:
where τ is the time constant of the room:
Therefore, the necessary number of particles injected from the source for Lagrangian tracking, i.e., the lower bound of N, is:
Note that Eq. (14) was derived under the assumption of a well-mixed condition. If the room is ventilated with a displacement ventilation system, there will be a negative particle concentration gradient along the vertical axis. In that case, the proposed method may underestimate the necessary particle number when the target zone is located in the lower part of the room. Even if the room is ventilated with a mixing ventilation system, the particle concentration distribution may not be uniform. In that case, the proposed method may underestimate the necessary particle number when the particle concentration in the target zone is lower than the average level. Therefore, it is important to note that the proposed method can only estimate a reasonable magnitude of the necessary particle number instead of determining a precise value.
Reducing the necessary particle number 2.3.1 Superimposition method
The superimposition method has been successfully used to convert the transient particle concentration distributions from a single pulsed source to one from multiple pulsed sources (Gupta et al., 2011b) . Eq. (14) shows that the necessary particle number can be reduced as the duration of particle emission is shortened. It implies that the superimposition method has the potential to reduce the necessary particle number. Instead of injecting particles in each time step, the superimposition method injects particles only in one time step. Then, the transient particle transport from this single pulsed source is calculated with Lagrangian particle tracking. Finally, by superimposing the calculated particle concentrations with a time shift, the total particle concentration can be calculated by:
where C single (t-t i ) is the particle concentration at time t-t i as a result of emission from the single pulsed source that started at time t i . With the superimposition method, only the calculation of particle transport from a single pulsed source is needed for Lagrangian particle tracking. Therefore, the necessary particle number is:
where Δt is the time step size. Normally, the time step size is much smaller than time constant of the room, τ. Therefore, one can take the Taylor expansion for the exponent in Eq. (16) and keep only the first term, and Eq. (16) becomes:
Compared with the pure Lagrangian method, the combined Lagrangian and superimposition method can reduce the necessary particle number by a factor of:
Time-averaging method
This method performs time-averaging of the particle concentrations within certain time steps. If the number of particles tracked in a time step is N', then the total number of particles tracked in n time steps is N'×n. Therefore, theoretically, if time-averaging is performed over every n time steps, the necessary particle number can be reduced by n times.
However, if the particle number in the calculation is too small, it is possible that no particles will be tracked in the target zone. Therefore, at least one particle should be tracked in this zone; i.e., the N target * in Eq. (14) should be at least 1. When N target * = 1, Eq. (14) becomes:
Compared with the pure Lagrangian method, the combined Lagrangian and time-averaging method can reduce the necessary particle number by a factor of:
when time-averaging is performed taken over every N target * time steps.
Combined superimposition and time-averaging method
To further reduce the particle number in the Lagrangian tracking calculation, one can use both the superimposition and time-averaging methods. When using only the superimposition method, the necessary particle number can be calculated by Eq. (17). If the time-averaging method is then used for every N target * time steps, the particle number can be further reduced by a factor of N target * . Therefore, the necessary particle number when both methods are used can be calculated by:
Therefore, compared with the pure Lagrangian method, the combined Lagrangian, superimposition, and time-averaging method can reduce the necessary particle number by a factor of:
3. Verification and validation of the proposed methods 3.1 Case description This investigation used the case of transient particle transport in an isothermal ventilated chamber (Zhang et al., 2009 ) to verify the proposed methods. Figure 1 Numerical simulations were performed using ANSYS Fluent 12.1 (ANSYS, 2010). Three grid resolutions (4,934, 18,009, and 134,090) were tested for CFD grid independence. The resolution of 18,009 was sufficiently fine to capture the turbulent flow in the chamber. The time step was set at 0.05 s. An independence test regarding the time step size was conducted to ensure that 0.05 s was small enough to obtain accurate results. Particle deposition, resuspension, and droplet evaporation are negligible at a particle size of 1 μm (Zhao et al., 2009 , Zhu et al., 2012 , Chen and Zhao, 2010 .
Verification of the method for estimating the necessary particle number
This study designed three cases to verify the method for estimating the necessary particle number in the Lagrangian method (Eq. (14)), as listed in Table 1 . The target zone in Cases 1 and 3 was the breathing zone, while that in Case 2 was the whole room. The center of the breathing zone was Point 2. The volume of the breathing zone was set at 0.027 m 3 (OSHA, 2014). The duration of the particle source in Cases 1 and 2 was one time step (Δt), i.e., a pulsed source, while the duration in Case 3 was equal to the time constant of the room (τ). The airflow rate (Q) was 0.074 m 3 /s, the volume of the room (V room ) was 20.2 m 3 , the necessary particle number in the target zone (N target * ) was set at 30 (Student, 1908) , and the coefficient (α), which depends on the tolerance of error, was set at 1%. A sensitivity analysis of the coefficient (α) is discussed in Section 4.1. The values of these parameters were the same for all the cases discussed in this paper. This study conducted particle number independence tests for the designed cases to determine whether or not the calculated particle numbers were sufficient for obtaining statistically meaningful results. The necessary particle numbers calculated by Eq. (14) were 2.24, 0.003, and 3.55 million, respectively, for Cases 1, 2, and 3. This study used the Lagrangian method with the calculated particle number to predict the particle concentration as a function of time in the target zone. To conduct the particle number independence tests, this study repeated the simulations with a particle number that was increased by a factor of 10. Figure 2 compares the normalized particle concentrations predicted from the calculated particle number with those predicted from particle number that is 10 times larger. All the particle concentrations were normalized by the total particle number injected in the room. For all three cases, the Lagrangian method with the calculated particle number provided similar results to those with a 10-times-larger particle number. Therefore, the proposed method can provide a necessary particle number with a reasonable magnitude. This method avoids the unguided process of the particle number independence test and thus significantly accelerates the entire calculation process.
(c) Figure 2 . Particle number independence tests for (a) Case 1, (b) Case 2, and (c) Case 3.
Verification of the methods for reducing the necessary particle number 3.3.1 Superimposition method
This study compared the normalized particle concentrations predicted by the combined Lagrangian and superimposition method and the pure Lagrangian method for Case 3. The necessary particle number for the pure Lagrangian method calculated by Eq. (14) was 3.55 million, while that for the combined method calculated by Eq. (17) was 2.24 million. As shown in Figure 3 , the particle concentrations predicted by the combined Lagrangian and superimposition method agreed well with that predicted by the pure Lagrangian method. However, the necessary particle number in the combined method (2.24 million) was reduced by 1.6 times in comparison with that in the pure Lagrangian method (3.55 million). Eq. (18) indicates that the reduction in particle number when using the superimposition method depends on the duration of the particle source. Figure 4 shows the factor of reduction in particle number when using the superimposition method as a function of source duration (Eq. (18)). The factor of reduction in particle number is positively associated with the particle source duration. For example, if the duration was 0.1τ, the necessary particle number could be reduced only slightly when using the superimposition method. However, if the duration was increased to 5τ, the necessary particle number could be reduced by five times when using the superimposition method. Therefore, the superimposition method can reduce the necessary particle number in the Lagrangian method when the particle source duration is relatively long. Figure 4 . Factor of reduction in particle number as a function of particle source duration when the superimposition method is used.
Time-averaging method
This study compared the normalized particle concentrations predicted by the combined Lagrangian and time-averaging method and the pure Lagrangian method for Cases 1 and 3. The necessary particle numbers in the pure Lagrangian method calculated by Eq. (14) were 2.24 million for Case 1 and 3.55 million for Case 3. In comparison, the necessary particle numbers in the combined method calculated by Eq. (19) for Cases 1 and 3 were 0.074 and 0.12 million, respectively. As discussed in Section 2.3.2, time-averaging can be performed over every N target * = 30 time steps.
As shown in Figure 5 , the particle concentrations predicted by the combined Lagrangian and time-averaging method agreed well with those predicted by the pure Lagrangian method for both cases. Furthermore, the necessary particle number in the combined method was reduced by 30 times as compared with that in the pure Lagrangian method. Thus, the hypothesis that the time-averaging method can reduce the necessary particle number has been verified. It should be noted that the number of time steps to be averaged depends on the level of detail required in the results. For instance, if the calculated particle concentration as a function of time with a time step size of 0.05 s is to be compared with experimental data with a measurement time interval of 0.5 s, time-averaging over more than 10 time steps is not suitable. Furthermore, the particle concentrations may vary significantly in certain time steps.
To ensure that the peak particle concentrations are captured, the time-averaging method should not be used in such time steps.
(a) (b) Figure 5 . Comparison of normalized particle concentrations predicted by the combined Lagrangian and time-averaging method and the pure Lagrangian method for (a) Case 1 and (b) Case 3.
Combined superimposition and time-averaging method
This study further compared the normalized particle concentrations predicted by the combined Lagrangian, superimposition, and time-averaging method and the pure Lagrangian method for Case 3. The calculated necessary particle number for the pure Lagrangian method was 3.55 million according to Eq. (14) , while that for the combined method was 0.074 million according to Eq. (21). As discussed in Section 2.3.2, time-averaging can be performed over every N target * =30 time steps. As shown in Figure 6 , the particle concentration profiles predicted by the combined Lagrangian, superimposition, and time-averaging method matched well with the profile predicted by the pure Lagrangian method. Furthermore, the necessary particle number in the combined method was reduced by 48 times as compared with that in the pure Lagrangian method. Therefore, this comparison verifies that the combined superimposition and time-averaging method can further reduce the necessary particle number in the Lagrangian method. As indicated in Eq. (22), the reduction in particle number when using the combined method increases as the particle source duration becomes longer. For instance, if the duration of the particle source was 0.1τ, the necessary particle number in the combined method would be reduced by 30 times as compared with that in the pure Lagrangian method. If the duration was increased to 5τ, the combined Lagrangian, superimposition, and time-averaging method would reduce the necessary particle number by 150 times compared with that in the pure Lagrangian method. Table 2 compares the computing time of the pure Lagrangian method and the combined methods. The computing time was estimated on a single core computer with two 3.2 GHz Intel(R) Xeon(R) processors and 12 GB of memory. For Case 1, the combined Lagrangian and time-averaging method can reduce the computing time by 30 times when compared with the pure Lagrangian method. For Case 3, the combined Lagrangian, superimposition, and time-averaging method can reduce the computing time by 40 times when compared with the pure Lagrangian method. Therefore, the proposed method can significantly save the computing resources. 
Comparison of computing cost

Validation with experimental data
This study used the experimental data obtained by Zhang et al. (2009) to validate the proposed methods for predicting transient particle transport in indoor environments. This case was the same as the previous cases in all aspects except the boundary condition at the inlet. In the experiment, two optical particle counters were used to measure the transient particle concentrations at the inlet and one of the measurement locations (Point 1 and Point 2) simultaneously. Therefore, the experiment was conducted twice in order to obtain the results at the two locations. The inlet particle concentration profiles at Points 1 and 2 are shown in Figure 7 (a) and 7(b), respectively. The two profiles exhibit similar trends, but there are some differences. In general, at the inlet, there was an initial peak in particle concentration, and then the concentration decreased significantly to a stable level.
With the grid resolution (18,009) used in this study, the volume of the CFD cell at Points 1 and 2 was 0.0012 m 3 . The calculated necessary particle number in the combined Lagrangian, superimposition, and time-averaging method was 1.72 million on the basis of the proposed method. The time step size in the simulation was 0.05 s. Figure 7 compares the numerical results for transient particle concentration with the experimental data. Note that two sets of simulations were performed on the basis of the corresponding inlet particle concentration profiles. In Figure 7 (a), the simulation and the experiment at Point 1 both show particle concentration profiles that are similar to that at the inlet. This similarity occurred because Point 1 was close to the inlet. The fluctuations in particle concentration at this location were caused primarily by the fluctuations measured at the inlet. In Figure 7 (b), both the simulation and the experiment at Point 2 exhibit peak particle concentrations that are lower than that at the inlet. Moreover, the peak at Point 2 is delayed in time compared with that at the inlet. This delay indicates a weaker response to the source because of a greater distance between the source and Point 2. In comparison with the experimental data, the proposed method overestimated the particle concentrations after about 500 s. Zhang et al. (2009) compared the results predicted by an Eulerian method with experimental data. They also found that the Eulerian method overestimated the particle concentrations after about 500 s. The differences between the simulation and the experiment may be attributed to the discrepancies between the predicted airflow field and the actual one (Zhang et al., 2009) . In general, the trends in transient particle concentration predicted by the combined Lagrangian, superimposition, and time-averaging method agreed reasonably well with the experimental data. Therefore, the proposed method can be used for predicting transient particle transport in indoor environments with reasonable accuracy. (14) can influence the calculated necessary particle number in the Lagrangian tracking calculations. If this α is equal to 1%, the results will be statistically meaningful even when the particle concentration has decreased to 1% of the peak value. Therefore, the value of α depends on the tolerance of error. This study conducted a sensitivity analysis of α for Case 1. Figure 8 compares the normalized particle concentrations predicted by the Lagrangian method with particle numbers that were estimated using α values of 1%, 10%, and 100%. The corresponding calculated necessary particle numbers were 2.24, 0.224, and 0.0224 million, respectively. It can be seen that a smaller α provides better results, with fewer fluctuations and uncertainties. Theoretically, there is no cut-off value for α. For engineering applications, as shown in the figure, a α value of around 1% should minimize fluctuations and uncertainties in the results.
Figure 8. Comparison of normalized particle concentrations predicted by the Lagrangian method with particle numbers that were estimated using α values of 1%, 10%, and 100%.
Equations for other particle sources
In order to demonstrate the proposed methods, the analysis above used an example in which particles were emitted from the inlet. Another typical scenario is the emission of particles from a location inside the room, such as from the cough of an occupant. In this case, the boundary condition of Eq. (4) is:
Using the approach described in Section 2.2, the equation for calculating the necessary particle number can be obtained. One finds that the equation for a particle source inside the room is identical to that for a particle source from the inlet (Eq. (14)).
For some particle sources, Eq. (4) cannot be solved analytically with the corresponding boundary condition. One such case is that studied by Zhang et al. (2009) , as described in Section 3.4. In this case, the inlet particle concentrations were time-varying, as shown in Figure 7 . The study solved the equation numerically for this case by simply using Microsoft Excel. Therefore, even if the equation cannot be solved analytically, the proposed methods can be used to accelerate the Lagrangian method by numerically solving the ordinary differential equation.
Limitations of this study
There are a number of limitations to the present work, beginning with the assumption of a steady-state airflow field, which may be a problem in some cases. For instance, transient particle transport in a building with natural ventilation is likely to have an unsteady-state airflow field. In such cases, the time-averaging method can still be used; however, the superimposition method may not be suitable. In addition, this study neglected particle deposition onto surfaces because the modeled particle size was 1 μm. However, for ultrafine or coarse particles in a room with a low air change rate, the impact of particle deposition may be considerable. Therefore, to model the transient transport of ultrafine or coarse particles, the influence of deposition should be taken into account. Although the transient airflow and particle deposition could affect the necessary particle number in the Lagrangian method, it should be noted that the proposed method is to estimate a reasonable magnitude of the necessary particle number rather than determining a precise value. Therefore, the proposed method can still be used for these scenarios.
Conclusions
This investigation developed a method for estimating and reducing the necessary particle number in order to accelerate the Lagrangian method for predicting transient particle transport in indoor environments. The investigation has led to the following conclusions:
(1) The proposed method can estimate the necessary particle number and thus reduce the effort that is normally required for evaluating different numbers of particles in order to achieve statistically meaningful results.
(2) The superimposition and time-averaging method can reduce the necessary particle number, and, as a result, the computing cost can be further reduced.
(3) The combined Lagrangian, superimposition, and time-averaging method can predict transient particle transport in indoor environments with reasonable accuracy.
